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The largest number factored on a quantumdevice reported until now was 143 [1]. Thatquantum computation, which used only 4
qubits at 300K, actually also factored much larger
numbers such as 3599, 11663, and 56153, without
the awareness of the authors of that work. Fur-
thermore, unlike the implementations of Shor’s
algorithm performed thus far [2–8], these 4-qubit
factorizations do not need to use prior knowledge
of the answer. However, because they only use 4
qubits, these factorizations can also be performed
trivially on classical computers. We discover a
class of numbers for which the power of quan-
tum information actually comes into play. We
then demonstrate a 3-qubit factorization of 175,
which would be the first quantum factorization
of a triprime.
It is well known that factoring large numbers on
classical computers is extremely resource demand-
ing, and that Shor’s algorithm could theoretically
allow a quantum computer to factor the same num-
bers with drastically fewer operations. However,
in its 20-year lifespan, Shor’s algorithm has not
gone far in terms of factoring large numbers. Un-
til 2012 the largest number factored using Shor’s
algorithm was 15 [2–6, 8], and today the largest is
still only 21 [7, 8]. Furthermore, these factoriza-
tions were not genuine implementations of Shor’s
algorithm because they relied on prior knowledge
of the answer to the factorization problem being
solved in the first place [8].
An alternative to Shor’s algorithm that also
makes use of quantum mechanics to factor num-
bers, relies on first transforming the factorization
problem into an optimization problem. This idea
was first introduced in 2001 by Burges [9], and it
was improved in 2010 by Schaller and Schutzhold
[10], and then again in 2012 by Xu et al [1] who used
it with NMR to factor the number 143 with 4 qubits
and no prior knowledge of the answer to the prob-
lem. To provide context, factoring the number 15
with Shor’s algorithm and no prior knowledge of
the answer to the problem, requires a minimum of
8 qubits (and more if error correction is attempted);
and this has still never been done.
Quantum factorization of 143
The NMR factorization of 143 in 2012 [1] began
with the multiplication table:
Table 1: Multiplication table for 11× 13 = 143 in binary.
27 26 25 24 23 22 21 20
p 1 p2 p1 1
q 1 q2 q1 1
1 p2 p1 1
q1 p2q1 p1q1 q1
q2 p2q2 p1q2 q2
1 p2 p1 1
carries z67 z56 z45 z34 z23 z12
z57 z46 z35 z24
p× q = 143 1 0 0 0 1 1 1 1
Adding each column leads to the equations:
p1 + q1 = 1 + 2z12 (1)
p2 + p1q1 + q2 + z12 = 1 + 2z23 + 4z24 (2)
1 + p2q1 + p1q2 + 1 + z23 = 1 + 2z34 + 4z35 (3)
...
q2 + p2 + z45 + z35 = 0 + 2z56 + 4z57 (4)
1 + z56 + z46 = 0 + 2z67 (5)
z67 + z57 = 1. (6)
By noticing simplifications such as z12 = 0when
p1 + q1 = 1 + 2z12, these equations then reduce to:
p1 + q1 − 1 = 0 (7)
p2 + q2 − 1 = 0 (8)
p2q1 + p1q2 − 1 = 0. (9)
Since any real number squared is ≥ 0, the min-
imum of the function (p1 + q1 − 1)
2 is 0, and the
1
Table 2: Mutiplication table for 241× 233 = 56153 in binary
215 214 213 212 211 210 29 28 27 26 25 24 23 22 21 20
p 1 p6 p5 p4 p3 p2 p1 1
q 1 q6 q5 q4 q3 q2 q1 1
1 p6 p5 p4 p3 p2 p1 1
q1 p6q1 p5q1 p4q1 p3q1 p2q1 p1q1 q1
q2 p6q2 p5q2 p4q2 p3q2 p2q2 p1q2 q2
q3 p6q3 p5q3 p4q3 p3q3 p2q3 p1q3 q3
q4 p6q4 p5q4 p4q4 p3q4 p2q4 p1q4 q4
q5 p6q5 p5q5 p4q5 p3q5 p2q5 p1q5 q5
q6 p6q6 p5q6 p4q6 p3q6 p2q6 p1q6 q6
1 p6 p5 p4 p3 p2 p1 1
z14,15 z13,14 z12,13 z11,12 z10,11 z9,10 z8,9 z7,8 z6,7 z5,6 z4,5 z3,4 z2,3 z1,2
z13,15 z12,14 z11,13 z10,12 z9,11 z8,10 z7,9 z6,8 z5,7 z4,6 z3,5 z2,4
z11,14 z10,13 z9,12 z8,11 z7,10 z6,9 z5,8 z4,7
1 1 0 1 1 0 1 1 0 1 0 1 1 0 0 1
values of (p1, q1) that allow this minimum to be at-
tained then must also be the solution to equation 7.
In fact, the minimum of the function:
(p1+q1−1)
2+(p2+q2−1)
2+(p2q1+p1q2−1)
2 (10)
is also 0, meaning that the values of (p1, p2, q1, q2)
that minimize Eq.10 are also the solution to the
equations 7-9. This means that the values of
(p1, p2, q1, q2) which represent the solution to the
factorization problem, are encoded in the ground
state of the 4-qubit Hamiltonian:
H = (p1 + q1 − 1)
2 + (p2 + q2 − 1)
2 + (p2q1 + p1q2 − 1)
2, (11)
= 5− 3p1 − p2 − q1 + 2p1q1 − 3p2q1 + 2p1p2q1 − 3q2 + p1q2 + 2p2q2 + 2p2q1q2 (12)
ai =
1
2
(
1− σ(i)z
)2
. (13)
It is easy to see that this is true, especially when
we look at the Hamiltonian in matrix form:


5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 4 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 4 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 3 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3


.
Since this matrix is diagonal, we can read off
the eigenvalues, the lowest of which are clearly at
eigenstates |6〉 = |0110〉 and |9〉 = |1001〉, corre-
sponding (respectively) to:
(p1, p2, q1, q2) = (0, 1, 1, 0) → p = 13, q = 11, (14)
(p1, p2, q1, q2) = (1, 0, 0, 1) → p = 11, q = 13. (15)
Quantum factorization of larger
numbers with the same 4-qubit
Hamiltonian
Let us see what the Hamiltonian looks like for the
factorization of a larger number, using 56153 as
an example. The multiplication table in binary is
given in Table 2.
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Table 3: Multiplication table for 557× 523 = 291311 in binary.
219 218 217 216 215 214 213 212 211 210 29 28 27 26 25 24 23 22 21 20
1 p8 p7 p6 p5 p4 p3 p2 p1 1
1 q8 q7 q6 q5 q4 q3 q2 q1 1
1 p8 p7 p6 p5 p4 p3 p2 p1 1
q1 p8q1 p7q1 p6q1 p5q1 p4q1 p3q1 p2q1 p1q1 q1
q2 p8q2 p7q2 p6q2 p5q2 p4q2 p3q2 p2q2 p1q2 q2
q3 p8q3 p7q3 p6q3 p5q3 p4q3 p3q3 p2q3 p1q3 q3
q4 p8q4 p7q4 p6q4 p5q4 p4q4 p3q4 p2q4 p1q4 q4
q5 p8q5 p7q5 p6q5 p5q5 p4q5 p3q5 p2q5 p1q5 q5
q6 p8q6 p7q6 p6q6 p5q6 p4q6 p3q6 p2q6 p1q6 q6
q7 p8q7 p7q7 p6q7 p5q7 p4q7 p3q7 p2q7 p1q7 q7
q8 p8q8 p7q8 p6q8 p5q8 p4q8 p3q8 p2q8 p1q8 q8
1 p8 p7 p6 p5 p4 p3 p2 p1 1
z18,19 z17,18 z16,17 z15,16 z14,15 z13,14 z12,13 z11,12 z10,11 z9,10 z8,9 z7,8 z6,7 z5,6 z4,5 z3,4 z2,3 z1,2
z17,19 z16,18 z15,17 z14,16 z13,15 z12,14 z11,13 z10,12 z9,11 z8,10 z7,9 z6,8 z5,7 z4,6 z3,5 z2,4
z15,18 z14,17 z13,16 z12,15 z11,14 z10,13 z9,12 z8,11 z7,10 z6,9 z5,8 z4,7
z11,15 z10,14 z9,13 z8,12
0 1 0 0 0 1 1 1 0 0 0 1 1 1 1 0 1 1 1 1
The equations obtained from adding the
columns in the multiplication table are then:
p1 + q1 = 0 + 2z1,2
p2 + p1q1 + q2 + z1,2 = 0 + 2z2,3 + 4z2,4
p3 + p2q1 + p1q2 + q3 + z2,3 = 1 + 2z3,4 + 4z3,5
...
q6 + p6 + z12,13 + z11,13 + z10,13 = 0 + 2z13,14 + 4z13,15
1 + z13,14 + z12,14 + z11,14 = 1 + 2z14,15
z14,15 + z13,15 = 1
and when the simplification rules are applied au-
tomatically by a computer program, most pi and qi
are already determined, and the result is this set of
equations:
p3 + q3 = 1 (16)
p4 + q4 = 1 (17)
p4q3 + p3q4 = 1. (18)
Notice how these have precisely the same form
as the equations in the factorization of 143, except
with different variables. Therefore the Hamilto-
nian is also the same, except the qubits pa, pb, qa,
qb appearing represent different positions in the
corresponding binary strings representing p and
q. Other numbers that we have discovered reduce
to these same equations include 3599, 11663, and
56153.
In fact, it turns out that the product of any two
numbers differing at only 2 bits will lead to the
equations:
pa + qa = x (19)
pb + qb = y (20)
pbqa + paqb = z, (21)
where the subscripts a and b correspond to the two
bit-positions that differ, and the right-side variables
{x, y, z} can each be 0 or 1 depending on the num-
ber being factored. However, unless we know in
advance that the factors will differ at two bits, this
reduction will not allow us to crack big RSA codes.
Furthermore, Eqs. 19-21 can easily be solved by a
classical computer, since there are only 4 variables,
and therefore solving only involves at most 24 = 16
queries.
Cases that cannot be solved so
easily on a classical computer
The real advantage of solving such equations as
Eqs. 19-21 via finding the ground state of an appro-
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Table 4: Multiplication table for 175
28 27 26 25 24 23 22 21 20
p 1 p1 1
q 1 q1 1
1 p1 1
q1 p1q1 q1
1 p1 1
z45 z34 z23 z12
z35 z24
z45 + z35 1 + z34 + z24 q1 + p1 + z23 2 + p1q1 + z12 p1 + q1 1
r 1 r1 1
z45 + z35 1 + z34 + z24 q1 + p1 + z23 2 + p1q1 + z12 p1 + q1 1
r1(z45 + z35) r1(1 + z34 + z24) r1(q1 + p1 + z23) r1(2 + p1q1 + z12) r1(p1 + q1) r1
z45 + z35 1 + z34 + z24 q1 + p1 + z23 2 + p1q1 + z12 p1 + q1 1
z
′
78 z
′
67 z
′
56 z
′
45 z
′
34 z
′
23 z
′
12
z
′
68 z
′
57 z
′
46 z
′
35 z
′
24
0 1 0 1 0 1 1 1 1
priate Hamiltonian, is realized when the final set of
reduced equations has many more variables. Con-
sidering for example a case where the final equa-
tions have 512 unknowns, which is the number of
qubits in the D-Wave Two, a brute force “guess
and check” strategy for solving the equation sys-
tem would require at most 2512 = 10154 queries.
If a trillion queries could be made per second, this
would amount to ≈ 10123 times the age of the uni-
verse (clearly for numbers this large, classical fac-
torization algorithms alternative to solving the dis-
crete minimization problem would vastly outper-
form the “brute force” strategy, but the best such
classical algorithm is the General Number Field
Sieve whose computational complexity also con-
tains an exponential).
The question then is, which cases will reduce to
a set of equations with a large number of unknown
variables (ie., which cases will be able to exploit the
use of more qubits). While we have noticed the
pattern that whenever the factors of a semiprime
differ at two bit-positions, the minimization prob-
lem contains 4 unknown variables (and the Hamil-
tonian contains 4 qubits); we have also noticed that
when the factors of a semiprime differ at three bit-
positions, the minimization problem contains 6 un-
known variables (see for example Table 3 and 22-
27). In fact, the semiprimes which exploit the most
power from the quantum computer will be those
whose factors differ in the largest number of possi-
ble digits. For an example of this see Table 3.
From Table 3 the following equations are ulti-
mately derived:
p1 + q1 = 1 (22)
p2 + q2 = 1 (23)
p5 + q5 = 1 (24)
p1q2 + q1p2 = 1 (25)
p2q5 + q2p5 = 0 (26)
p5q1 + q5p1 = 1, (27)
whose solution is encoded in the ground state of
the following Hamiltonian involving at most 3-
qubit interactions:
H = (p1 + q1 − 1)
2 + (p2 + q2 − 1)
2 + (p5 + q5 − 1)
2 + (p1q2 + q1p2 − 1)
2 + p2q5 + q2p5 + (p5q1 + q5p1 − 1)
2 (28)
= 9+2p2p1q1+2p2q2q1+2p5p1q1+2p5q5q1+2p1q1+2p2q2+2p5q5−3p2q1+p1q2−3p5q1+p1q5−5p1 −p2−q1−3q2−3q5 (29)
ai =
1
2
(
1− σ
(i)
z
)2
. (30)
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Table 5: Quantum factorization records
Number # of factors
# of qubits
needed
Algorithm
Year
implemented
Implemented
without prior
knowledge of
solution
15 2 8 Shor 2001 [2] ✗
2 8 Shor 2007 [3] ✗
2 8 Shor 2007 [3] ✗
2 8 Shor 2009 [5] ✗
2 8 Shor 2012 [6] ✗
21 2 10 Shor 2012 [7] ✗
143 2 4 minimization 2012 [1] ✓
56153 2 4 minimization 2012 [1] ✓
291311 2 6 minimization not yet ✓
175 3 3 minimization not yet ✓
Finally, it has been shown by Schutzhold and
Schaller [10] that the Hamiltonians whose ground
states encode the solutions to the factorization
problem for semiprimes will always have at most
3-body interactions between the qubits (as seen
for example in the Hamiltonians of Eqs.12 & 29).
Such Hamiltonians are relatively simple to imple-
ment in experiments [1, 10]. The only cases that
will involve more “difficult” to implement Hamil-
tonians (in terms of requiring many-body interac-
tions between qubits) will be where the integer to
be factored is the product of more than 2 numbers
(the more factors, the higher-body interactions re-
quired). The construction of the factorization table
when there are more than 2 factors is a bit more
complicated, so we demonstrate the factorization
of 175 below. Interestingly, until now, the only
numbers for which successful quantum factoriza-
tion has been demonstrated, are integers with only
2 factors.
For the factorization of 175, Table 4 leads to the
equations:
p1+q1+r1 = 1+2z
′
12 (31)
3 + p1q1+z12+r1(p1+q1)+z
′
12 = 1+2z
′
23+4z
′
24 (32)
z23+r1(2+ p1q1+ z12)+2p1+2q1+z
′
23 = 1+2z
′
34+4z
′
35 (33)
...
r1(z45+z35)+1+z34+z24+z
′
56+z
′
46 = 0+2z
′
67+4z
′
68 (34)
z45+z35+z
′
67+z
′
57 = 1+2z
′
78 (35)
z
′
78+z
′
68 = 0 (36)
which ultimately reduce to:
p1 + q1 + r1 = 1 (37)
p1q1 + q1r1 + p1r1 = 0. (38)
The Hamiltonian whose ground state encodes the
solution to Eqs. 37-38 is then:
H=(p1 + q1 + r1 − 1)
2 + (p1q1 + q1r1 + p1r1)
2
=1 + 2p1q1 + 6p1q1r1 + 2p1r1 + 2q1r1 − p1 − q1 − r1
=


1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 2 0 0
0 0 0 0 0 0 2 0
0 0 0 0 0 0 0 7


.
The lowest eigenvalues correspond to |1〉 =
|001〉, |2〉 = |010〉, and |4〉 = |100〉, which (respec-
tively) correspond to:
(p1, q1, r1) = (0, 0, 1) → p = 5, q = 5, r = 7, (39)
(p1, q1, r1) = (0, 1, 0) → p = 5, q = 7, r = 5, (40)
(p1, q1, r1) = (1, 0, 0) → p = 7, q = 5, r = 5. (41)
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Conclusion
We have shown that the NMR experiment of Xu
et al. [1] in 2012 factored an entire class of num-
bers, and not just the one number that they re-
ported (which was 143). The largest such number
that we found without using any prior knowledge
of the solution to the factorization problem was
56153. Since the experiment in [1] only involved 4
qubits, it could easily have been factored on a clas-
sical computer as well. In order to exploit the true
power of quantum mechanics in this type of com-
putation, finding the solution will need to make
use of more qubits. To this end, we have discussed
a scheme for factoring numbers via the same mini-
mization technique, but where more qubits are re-
quired to solve the discrete optimization problem.
As an example, we demonstrated how to factor
291311 with 6 qubits. To put this into context, Table
5 shows all progress until now in factoring num-
bers using quantum computers.
We further noted that the Hamiltonians involved
in factoring numbers via discrete minimization
only involve 3-qubit interactions when the num-
bers to factor are semiprimes. Such Hamiltoni-
ans are relatively easy to construct (and it is noted
that the best classical factorization algorithms are
the opposite: they find semiprimes most difficult).
Hamiltonians involving higher-body qubit interac-
tions will only arise for the factorization of num-
bers with more than two factors. To this end, we
have demonstrated the quantum factorization of
the triprime 175 with 3 qubits.
References
[1] N. Xu, J. Zhu, D. Lu, X. Zhou, X. Peng,
and J. Du, “Quantum Factorization of 143 on
a Dipolar-Coupling Nuclear Magnetic Reso-
nance System,” Physical Review Letters, vol.
108, no. 13, p. 130501, Mar. 2012.
[2] L. M. Vandersypen,M. Steffen, G. Breyta, C. S.
Yannoni, M. H. Sherwood, and I. L. Chuang,
“Experimental realization of Shor’s quantum
factoring algorithm using nuclear magnetic
resonance.” Nature, vol. 414, no. 6866, pp.
883–7, Jan. 2001.
[3] B. Lanyon, T. Weinhold, N. Langford, M. Bar-
bieri, D. James, A. Gilchrist, and A. White,
“Experimental Demonstration of a Compiled
Version of Shor’s Algorithm with Quan-
tum Entanglement,” Physical Review Letters,
vol. 99, no. 25, p. 250505, Dec. 2007.
[4] C.-Y. Lu, D. Browne, T. Yang, and J.-W.
Pan, “Demonstration of a Compiled Version
of Shor’s Quantum Factoring Algorithm Us-
ing Photonic Qubits,” Physical Review Letters,
vol. 99, no. 25, p. 250504, Dec. 2007.
[5] A. Politi, J. C. F. Matthews, and J. L. O’Brien,
“Shor’s quantum factoring algorithm on a
photonic chip.” Science, vol. 325, no. 5945, p.
1221, Sep. 2009.
[6] E. Martín-López, A. Laing, T. Lawson, R. Al-
varez, X.-Q. Zhou, and J. L. O’Brien, “Ex-
perimental realization of Shor’s quantum
factoring algorithm using qubit recycling,”
Nature Photonics, vol. 6, no. 11, pp. 773–776,
Oct. 2012.
[7] E. Lucero, R. Barends, Y. Chen, J. Kelly,
M. Mariantoni, A. Megrant, P. O’Malley,
D. Sank, A. Vainsencher, J. Wenner, T. White,
Y. Yin, A. N. Cleland, and J. M. Martinis,
“Computing prime factors with a Joseph-
son phase qubit quantum processor,” Nature
Physics, vol. 8, no. 10, pp. 719–723, Aug. 2012.
[8] J. A. Smolin, G. Smith, and A. Vargo, “Over-
simplifying quantum factoring.” Nature, vol.
499, no. 7457, pp. 163–5, Jul. 2013.
[9] C. J. C. Burges, “Factoring as Optimization,”
Microsoft Research, vol. MSR-TR-200, 2002.
[10] G. Schaller and R. Schützhold, “The role
of symmetries in adiabatic quantum algo-
rithms,” Quantum Information & Computation,
vol. 10, no. 1, pp. 109–140, Jan. 2010.
Page 6 of 6
